In modern mathematics, many concepts and ideas are described in terms of category theory. 
Introduction

8
How to describe possible changes: the notion of categories. The world and all its objects change with 9 time, they change both by themselves and when we perform some actions. To be able to describe each 10 specific change, it is desirable to have a general framework for describing all possible transformations 11 that lead to such changes.
• : Mor → Ob × Ob is a mapping that assigns, to each morphism f ∈ Mor a pair of objects 30 (a, b) ∈ Ob × Ob; this is denoted by f : a → b; the object a is called f 's domain, and b is called f 's 31 range;
32
• id is a mapping that assigns, to each object a ∈ Ob, a morphism id a : a → a; and
33
• • is a mapping that assigns, to each pair of morphisms f : a → b and g : b → c for which the 34 range of f is equal to the domain of g, a new morphism g • f : a → c so that for every f : a → b,
36
Category theory is one of the main tools of modern mathematics. Because of its universal character, 37 category theory plays an important role in modern mathematics [1] . Many new mathematical concepts 38 are defined in category terms, and many original concepts are re-formulated in category terms -such a 39 reformulation in very general terms often enables mathematicians to generalize their ideas and results
40
to a more general context.
41
Different areas of mathematics can be described in terms of different categories:
42
• Set theory is naturally described in terms of a category Set in which objects are sets and 43 morphisms are functions.
44
• Topology is described in terms of a category Top in which objects are topological spaces and 45 morphisms are continuous mappings.
46
• Linear algebra is naturally described in terms of a category Lin, in which objects are linear spaces, and morphisms are linear mappings, etc.
48
Many mathematical concepts can be reformulated in terms of an appropriate category; see, e.g., For each x ∈ a and for each y ∈ b, we have a degree R f (x, y) ∈ [0, 1] to which y is a possible 57 value of f (x). Thus, a natural fuzzy analog of a function is a fuzzy relation.
58
Composition g • f of fuzzy relations f : a → b and g : b → c can be defined in the usual way. Namely, we want to know, for each pair of elements x ∈ a and c ∈ z, to what extent there exists a y ∈ b for which f brings us from a to b and g brings us from y to z. If we interpret "and" as min and there exists (an infinite "or") as max, then the above description translates into the following formula:
(1)
Since we have fuzzy relations, there is no need to explicitly describe the domain of each morphism:
59 if for some x ∈ a, the value f (x) is not defined, this simply means that for this x, we have R f (x, y) = 0 it is reasonable to supplement the category structure with the corresponding component-wise ordering 71 between fuzzy relations (morphisms): f ≤ f if and only if R f (x, y) ≤ R f (x, y) for all x and y. What we do in this paper. In this paper, as an answer to the above questions, we present an axiomatic 76 description of fuzzy sets in the language of categories, with a proof of the soundness of this description.
77
Results
78
Towards a precise formulation of the problem. It is easy to see that if we have a 1-1 mapping order between degrees, monotonic transformation of degrees should not change anything.
85
It turns out that modulo this simple equivalence, we can uniquely determine all the elements x ∈
86
U and all the relations R(x, y) from the ordered category, i.e., in precise terms, that every automorphism 87 is a composition of the automorphisms of the above two types. The proof of this result will be based 88 on an explicit description of elements of U and relations R f (x, y) in category terms.
89
Let us describe the problem in precise terms. 
92
Definition 2. Let U be a set; we will call it the Universe of discourse. By a U-fuzzy ordered category, we 93 mean an ordered category in which:
94
• the only object is the set U,
95
• morphisms are fuzzy relations, i.e., mappings R :
96
• the morphism id is defined as the mapping for which id(x, x) = 1 and id(x, y) = 0 for x = y,
97
• the composition of morphisms is defined by the formula
and 98
• the order between the morphisms is the component-wise order: f ≤ g means that f (x, y) ≤ g(x, y) for all 99 x and y.
100
The U-fuzzy ordered category will be denoted by F U .
Version December 19, 2017 submitted to Axioms 5 of 7 4 • . One can see that two morphisms f and f of the type described in Part 3 are connected by the 155 relation ≤ (i.e., f ≤ f or f ≤ f ) if and only if they correspond to the same element a ∈ U.
156
Thus, we can describe elements of the set U in ordered-category terms: as equivalent classes of 157 morphisms of the type described in Part 3 with respect to the relation
Hence, if we have an automorphism, elements are mapped into elements in a 1-1 way, i.e., indeed
159
we have a bijection of the Universe of discourse. 
167
This construction provides us with degrees at each element a ∈ U. To get a general description of 168 degrees, we need to relate the values corresponding to different elements x, x ∈ U.
169
5.2 • . Let us denote, by f x,v , the morphism for which:
170
• f x,v (x, x) = v and
171
• f v (x , y ) = 0 for all pairs (x , y ) = (x, x).
172
We want, for every a = b, to connect the values v and w corresponding to functions f x,v and f y,w . This connection comes from the following auxiliary result: 
175
Vice versa, if w ≤ v, then we can take the following morphisms f x→y and f y→x :
176
• f x→y (x, y) = w and f x→y (x , y ) = 0 for all other pairs (x , y ) = (x, y), and, similarly,
177
• f y→x (y, x) = w and f y→x (x , y ) = 0 for all other pairs (x , y ) = (y, x).
178
In this case, as one can easily check, we have f x→y • f x,v · f y→x = f y,w . 
